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PROBABILITY LEARNING: FIRST-ORDER MARKOV STRUCTURES 

OF QUARTERNARY EVENTS 

By Edward M. Huff 

Ames Research Center  

SUMMARY 

In  many con t ro l  t a s k s ,  man is  requi red  t o  make dec is ions  based on a 
s u b j e c t i v e  eva lua t ion  of  t h e  l i ke l ihood  of  f u t u r e  events .  I t  i s  necessary t o  
examine, t h e r e f o r e ,  t h e  degree t o  which p r e d i c t i v e  behavior  corresponds with 
t h e  o b j e c t i v e  p r o b a b i l i t i e s  of  events ,  and t h e  degree t o  which man can learn 
t o  use  information contained i n  event  sequences.  

In  the  p re sen t  s tudy ,  15 groups of sub jec t s  were exposed t o  d i f f e r e n t  
s e q u e n t i a l l y  dependent s t imulus  sequences i n  a f o u r - a l t e r n a t i v e  p r o b a b i l i t y  
l ea rn ing  paradigm. Groups were found t o  d i f f e r  i n  both learn ing  r a t e  and 
te rmina l  response l e v e l s  as a j o i n t  func t ion  of t h e  s t o c h a s t i c  s t r u c t u r e  and 
t h e  degree of dependence i n  t h e  s t imulus  sequence. Events with common s t r u c ­
t u r a l  p r o p e r t i e s  i n  d i f f e r e n t  sequences were learned i n  a s imilar  fash ion .  

INTRODUCTION 

The c l a s s i c  p r o b a b i l i t y  l ea rn ing  paradigm i n  which sub jec t s  p r e d i c t  suc­
ces s ive  events  may, i n  p r i n c i p l e ,  be used with any f i n i t e  number of s t i m u l i  
and any s t imulus genera tor .  Most research ,  however, has  been r e s t r i c t e d  t o  
b ina ry  s i t u a t i o n s  i n  which events  a r e  s e q u e n t i a l l y  independent ( r e f .  1 ) .  The 
few s t u d i e s  t h a t  have been repor ted  with Markovian b ina ry  s t r u c t u r e s  
( r e f s .  2-5) have found t h a t  humans l ea rn  f i r s t - o r d e r  event dependencies by 
responding t o  s h o r t  s t imulus-response sequences t h a t  precede t h e i r  p r e d i c t i o n s ,  
although a l l  such sequences are not  learned equa l ly  w e l l .  The manner i n  which 
s u b j e c t s  l ea rn  t o  p r e d i c t  f o u r - a l t e r n a t i v e  event sequences generated by f irst-
o rde r  Markov processes  ( r e f .  6) i s  r epor t ed  he re .  

In  one of t h e  few s t u d i e s  us ing  more than two dependent events ,  Bennett ,  
F i t t s ,  and Noble ( r e f .  7) found t h a t  a f i v e - a l t e r n a t i v e  Markov process  t h a t  
generated diagrams "concordant" with prev ious ly  determined response p re fe r ­
ences was learned more quick ly  than  a s imilar  s t imulus  process  t h a t  generated 
"discordant" diagrams. These genera tors  were of a s p e c i a l  type  i n  which only 
two nonzero (and i n  t h i s  case  equal)  t r a n s i t i o n  p r o b a b i l i t i e s  were allowed i n  
each row of t h e  Markov mat r ix .  The nonzero e n t r i e s  def ined  two "appropriate"  
choices  fol lowing each s t imulus .  Although t h e  au thors  concluded that. response 
preferences  a r e  important i n  p r o b a b i l i t y  l ea rn ing ,  t h e i r  use  of concordant 
and d iscordant  diagrams was confounded with s t r u c t u r a l  d i f f e rences  between t h e  
genera tors  ( r e f .  8).  Thus, t h e  fact  t h a t  t h e  concordant genera tor  c rea t ed  



d i f f e r e n t  kinds of  event  sub-sequences than  t h e  d i sco rdan t  genera tor  ( e .g . ,  
r e p e t i t i o n  and a l t e r n a t i o n  runs)  could have accounted f o r  t h e i r  r e s u l t s .  I t  
i s  d i f f i c u l t  t o  eva lua te  t h i s  hypothes is  s i n c e  the  response vec to r  f o r  t h e  
two appropr i a t e  a l t e r n a t i v e s  was not  r epor t ed ;  however, t h e  d iscordant  genera­
t o r  d i d  no t  suppress  t h e  propor t ion  of appropr i a t e  choices  below chance l e v e l  
during t h e  e a r l y  s t a g e s  of l ea rn ing .  As t h e  au thors  themselves no te ,  such 
suppression would be expected i f  response preference  were t h e  c o n t r o l l i n g  
v a r i a b l e .  The i r  suggest ion t h a t  between-group d i f f e rences  r e s u l t e d  i n  t h e  
d iscordant  sequences be ing  e f f e c t i v e l y  "neut ra l"  i s  c l e a r l y  specu la t ive .  

DESIGN AND PROCEDURE 

The quar te rnary  Markov mat r ices  used i n  t h e  p re sen t  s tudy  were r e s t r i c t e d  
t o  those  t h a t  a r e  doubly s t o c h a s t i c  and conta in  one h igh  t r a n s i t i o n  probabi l ­
i t y  c t ( > O . 2 5 )  i n  each row, t h e  remainder of t h e  p r o b a b i l i t i e s  be ing  equal  t o  
BC=(l - ct)/3l. In  such mat r ices ,  each event  has  a high p r o b a b i l i t y  [ a )  of  
being followed by some p a r t i c u l a r  event  (perhaps i t s e l f )  and, provided t h a t  
ct < 1, each event  w i l l  a symptot ica l ly  appear with equal  r e l a t i v e  frequency. 
P red ic t ing  t h e  event  s p e c i f i e d  by the  ct p r o b a b i l i t y  w i l l  be c a l l e d  a 
prof i tab le1  p r e d i c t i o n .  

What w i l l  be r e f e r r e d  t o  as the  structure of  the  process  i s  the  general  
arrangement of  t h e  ct p r o b a b i l i t i e s  wi th in  t h e  4x4 matrix.  Since response 
preferences  f o r  i nd iv idua l  s t imulus diagrams were no t  considered,  exac t ly  f i v e  
s t r u c t u r e s  were of  i n t e r e s t .  These correspond with the  unordered p a r t i t i o n s  
of f o u r  ind i s t ingu i shab le  events :  

s5 = (Ei ,Ej ,EkJER> 

where i # j # k # R J  and t h e  subsc r ip t ed  S ' s  and E's r e f e r  t o  t h e  s t r u c ­
t u r e s  and events ,  r e spec t ive ly .  For each s t r u c t u r e ,  each subse t  of events  
tends t o  genera te  a most probable sub-sequence i n  which the  elements cycle  
among themselves. For example 

lBrunswikfs terminology ( r e f .  9)  is  expanded he re .  
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corresponds with any matr ix  i n  which one of t h e  events ,  E i ,  has  a h igh  proba­
b i l i t y  of being followed by i t s e l f ,  and each of t h e  remaining t h r e e  events ,  
E j ,  E k ,  and E & ,  has  a high p r o b a b i l i t y  of being followed by a d i f f e r e n t  event  
wi th in  t h e  subse t .  

Since a l l  t h e  events  a r e  members of some s t r u c t u r a l  subse t ,  each event  
may be  i d e n t i f i e d  with a class Cn (n = 1, 2 ,  3 ,  4) , where n i s  t h e  number 
o f  elements i n  the  subse t  and, hence,  t h e  number of elements i n  a most proba­
b l e  sub-sequence cyc le .  S t r u c t u r e  S 3  may a l t e r n a t i v e l y  be regarded, then ,  
as conta in ing  two classes of  events ,  C 1  and C 3 ,  which tend  t o  c r e a t e  t h e  most 
probable  sub-sequences . . .  E i E i E i  . . .  and ... EjEkEaEjEk ..., r e spec t ive ly .  
Inspec t ion  w i l l  r evea l  t h a t  each S I ,  S 2 ,  and S 3  conta ins  C 1  events ,  and 
each S2 and S4 conta ins  C2 events .  S t r u c t u r e s  S3 and S 5  alone conta in  
events  i n  classes C 3  and C 4 ,  r e s p e c t i v e l y .  

The advantage of us ing  t h e s e  p a r t i c u l a r  r e s t r i c t i o n s  ( r e f .  10) i s  t h a t  
f o r  f i x e d  a, t h e  redundancy ( r e f .  11) of a l l  f i v e  s t r u c t u r e s  i s  equal .  Fur­
t h e r ,  independent of  a, t h e  marginal (zero-order)  unce r t a in ty  of  a l l  s t r u c ­
t u r e s  i s  maximal ( i . e .  , two b i t s ) .  Hence, no t  only must t h e  sub jec t  l ea rn  
f i r s t - o r d e r  dependencies f o r  performance t o  improve, b u t  d i f f e rences  i n  behav­
i o r  as a func t ion  of t h e  s t r u c t u r e  v a r i a b l e  a r e  i s o l a t e d  from t h e  degree of 
redundancy i n  t h e  s t imulus  sequence. 

Three a va lues ,  0 . 4 ,  0 .55,  and 0 . 7 ,  were used i n  t h e  p re sen t  s tudy 
because they a r e  s u f f i c i e n t l y  d i f f e r e n t  from 0.25 and 1.0 t o  allow depar tures  
from e i t h e r  change o r  maximizing2 behavior  t o  be assessed;  they a l s o  allow a 
reasonable  range of s t imulus dependency t o  be examined. A t  each l e v e l  of a 
a s i n g l e  sequence of 500 events  was generated according t o  t h e  r u l e s  of each 
s t o c h a s t i c  s t r u c t u r e .  Sequences were r equ i r ed  t o  have marginal event  frequen­
cies and t r a n s i t i o n  f requencies  governed by t h e  a p r o b a b i l i t i e s ,  wi th in  4 
a d  5 percent  of t h e i r  expected va lues ,  r e s p e c t i v e l y .  T rans i t i on  frequencies  
governed by t h e  f? p r o b a b i l i t i e s  were allowed t o  vary from 10 t o  20 percent  
as an inverse  func t ion  of a. In  a l l  cases ,  t h e  empir ica l  mat r ices  were 
judged t o  be h igh ly  r e p r e s e n t a t i v e  of t h e  corresponding t h e o r e t i c a l  p rocess .  

Each of t h e  15 event  sequences ( f i v e  s t r u c t u r e s  f o r  each of t h e  t h r e e  a 
values)  was recorded on paper  t ape  and used t o  con t ro l  t h e  temporal sequence 
of fou r  v i s u a l  s t i m u l i  (+, -, 0 ,  x) t o  a d i f f e r e n t  group of s u b j e c t s .  Ten 
co l l ege  s tuden t s  between t h e  ages of 17 and 28 were randomly assigned t o  each 
group and were pa id  a t  a f ixed  hour ly  ra te .  In o rde r  t o  d i s t r i b u t e  the  
e f f e c t s  of poss ib l e  symbol diagram p re fe rences ,  t h e  four  events  recorded on 
t h e  con t ro l  tape  were randomly i d e n t i f i e d  with a d i f f e r e n t  symbol order ing  f o r  
each s u b j e c t  . 

iSuch behavior  would be  obtained i f  s u b j e c t s  optimized t h e  number of 
p r o f i t a b l e  p r e d i c t i o n s  by i n v a r i a b l y  choosing a l t e r n a t i v e s  s p e c i f i e d  by t h e  
a p r o b a b i l i t i e s .  

3As  B diminishes  t h e  expected marginal frequency f o r  each u n l i k e l y  
a l t e r n a t i v e  approaches zero.  The p ropor t iona l  change due t o  even a s i n g l e  
frequency inve r s ion ,  t h e r e f o r e ,  becomes q u i t e  severe  and r equ i r e s  s p e c i a l  
t rea tment .  The Anderson-Goodman contingency t e s t  (ref. 12) ,  neve r the l e s s ,  d i d  
not  revea l  s i g n i f i c a n t  depar tures  from t h e  t h e o r e t i c a l  mat r ices  a t  t h e  0.01 
l e v e l  of  confidence.  
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Subjec ts  were t e s t e d  two a t  a t i m e  i n  s e p a r a t e  booths and i n s t r u c t e d  t o  
p r e d i c t  which symbol would appear next  on a small rear p r o j e c t i o n  console  
screen .  They made t h e i r  p r e d i c t i o n s  by p r e s s i n g  one of  f o u r  bu t tons ,  each 
i d e n t i f i e d  with one o f  t h e  symbols, dur ing  a 1.5 second in t e r s t imu lus  i n t e r v a l  
i d e n t i f i e d  by t h e  onse t  of  a yellow panel  l i g h t .  Each symbol appeared f o r  
4 seconds.  The s e l e c t e d  response bu t ton  lit up fol lowing a p r e d i c t i o n  and 
remained on u n t i l  t h e  next  symbol appeared. 

RESULTS 

A sepa ra t e  l ea rn ing  curve was f i rs t  computed f o r  each event ,  E ,  i n  each 
s t r u c t u r e  by determining the  average percentage of  p r o f i t a b l e  p r e d i c t i o n s  made 
by t h e  10 s u b j e c t s  dur ing  each block of 1 2  success ive  E occur rences .5  Since 
a l l  events  occurred a t  least  120 times i n  a given sequence, t h i s  procedure 
guaranteed a minimum of  10 b locks  of  equal  s ta t i s t ica l  p rec i s ion  f o r  each 
curve.  

Figure 1 p resen t s  l ea rn ing  curves f o r  s t imulus  c l a s s e s  Cn (n = 1, 2 ,  3 ,  
4) averaged by block over s t r u c t u r e s  and s u b j e c t s .  Figure 2 s epa ra t e s  t h e  
l ea rn ing  curves by s t r u c t u r e  f o r  each of  t h e  two event  c l a s s e s  which are com­
bined  over s t r u c t u r e s  i n  f i g u r e  1, t h a t  i s ,  C1 and C 2 .  The s t a t i s t i c a l  pre­
c i s i o n  c h a r a c t e r i s t i c a l l y  v a r i e s  from curve t o  curve as a r e s u l t  of t h e  
unequal class membership d i s t r i b u t i o n  between t h e  s t r u c t u r e s .  In  a l l  cases 
where two o r  more events  w i th in  a s t r u c t u r e  belonged t o  t h e  same class,  how­
ever ,  no meaningful d i f f e rences  between t h e  ind iv idua l  learn ing  curves were 
noted.  

The p r e s e n t  d a t a  support  t h e  hypothes is  presented  ea r l i e r  concerning t h e  
importance of t h e  s t r u c t u r a l  v a r i a b l e  i n  p r o b a b i l i t y  l ea rn ing .  They show 
t h a t  quar te rnary  s t r u c t u r e s ,  and i n  a l l  l i ke l ihood  n - a r y  s t r u c t u r e s  i n  gen­
e r a l ,  involve mul t ip l e  l ea rn ing  r a t e s  and asymptotic l e v e l s  (see f i g .  1)  which 
a r e  a j o i n t  func t ion  of t h e  s t r u c t u r a l  p r o p e r t i e s  and t h e  redundancy of t h e  
c o n t r o l l i n g  s t imulus  genera tor .  Furthermore, although some degree of wi th in  
s t r u c t u r e  i n t e r a c t i o n  i s  r e f l e c t e d  i n  t h e  l ea rn ing  rates (see f i g .  2 ) ,  f o r  a 
given c1 t h e  te rmina l  response l e v e l  f o r  an event  i s  mainly determined by t h e  
sub-sequence class of  which it i s  a member, r a t h e r  than t h e  p a r t i c u l a r  st imu­
lus  s t r u c t u r e  i n  which it i s  imbedded. Indeed, t h e s e  asymptotic l e v e l s  are, 

4The p resen ta t ion  i n t e r v a l  was made q u i t e  long r e l a t i v e  t o  the  response-
i n t e r v a l  i n  o rde r  t o  induce t h e  sub jec t  t o  prepare  h i s  response while  examin­
ing  the  p r i o r  s t imulus .  The s u b j e c t s ,  t h e r e f o r e ,  may have found it  e a s i e r  
than sub jec t s  i n  previous s t u d i e s  ( r e f .  13) t o  l ea rn  f i r s t - o r d e r  a s s o c i a t i o n s .  

5The common a n a l y t i c  technique with b inary  sequences i s  t o  examine blocks 
of  a r b i t r a r y  event occurrences.  This procedure i s  most convenient when t h e  
diagram f requencies  have a l s o  been forced  i n t o  t h e o r e t i c a l  agreement f o r  each 
block,  and it i s  i d e n t i c a l  with t h e  p re sen t  procedure when marginal frequen­
c i e s  are equal .  Here ( i n  o rde r  t o  avoid unnecessary higher-order  dependen­
c i e s ) ,  diagram frequencies  were n o t  r e s t r i c t e d  wi th in  b locks .  
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as a r u l e ,  d i f f e r e n t  from a and support  Hake and Hyman's content ion ( r e f .  2 ,  
pp. 72-73) t h a t  p r o b a b i l i t y  matching, when observed, i s  the  f o r t u i t o u s  r e s u l t  
o f  a complex l ea rn ing  process .  No tendency f o r  matching was found i n  t h e  
p re sen t  da t a .  There i s  some ind ica t ion ,  however, t h a t  with s u f f i c i e n t  st imu­
lus  dependency. The te rmina l  propor t ions  of p r o f i t a b l e  p red ic t ions  would 
converge t o  a common l e v e l  f o r  a l l  event  c l a s s e s  (see f i g .  l ( c ) ) .  

DISCUSSION 

Cer t a in  i n t e r r e l a t e d  f a c t o r s  b e a r  on t h e  p re sen t  f ind ings .  These a r e  
mentioned b r i e f l y  i n  o rde r  t o  p o i n t  up s i m i l a r i t i e s  with o the r  c l a s s i c a l  learn­
ing  s i t u a t i o n s .  F i r s t ,  as t h e  number of  s t i m u l i  i n  an event  class diminishes ,  
t h e  occurrences of  each component s t imulus  become c l u s t e r e d  wi th in  the  
sequence. The r e s u l t s ,  t h e r e f o r e ,  may r e f l e c t  merely a r e l a t i v e  advantage of 
massed versus  d i s t r i b u t e d  p r a c t i c e  i n  a complex t a s k  ( r e f .  14) .  Second, as 
t h e  number of s t i m u l i  involved i n  a s t r u c t u r a l l y  p r e f e r r e d  sub-sequence i s  
reduced, t h e  p o t e n t i a l  of each component s t imulus  t o  develop c o n f l i c t i n g  
remote a s soc ia t ions  i s  diminished, provided t h a t  a s s o c i a t i v e  s t r eng th  i s  
inve r se ly  r e l a t e d  t o  d i s t ance  wi th in  t h e  sequence ( r e f .  15) .  Both f a c t o r s  a r e  
complicated,  however, by t h e  f a c t  t h a t  most probable  sub-sequences involving 
t h e  g r e a t e s t  number of events  a l s o  have t h e  g r e a t e s t  number of  s t a r t i n g  
(en t ry)  p o i n t s ,  as we l l  as t h e  g r e a t e s t  p o t e n t i a l  f o r  a t y p i c a l  r een t ry  i n t o  
t h e i r  own event  s e t .  Hence, t h e  present  r e s u l t s  would be expected i f  one 
p o s i t s ,  as Hake and Hyman ( r e f .  2) suggested,  t h a t  s p e c i f i c  s t imulus  n - tup le s ,  
r a t h e r  than t h e  p r o b a b i l i s t i c  s t r u c t u r e  of t h e  s t imulus  genera tor ,  a r e  
learned.  In  t h i s  case a d i f f e r e n t  n - tup le  would be  a s soc ia t ed  with each 
s t a r t i n g  po in t  i n  t h e  sub-sequence. I t  i s  a l s o  t r u e ,  however, t h a t  behaviora l  
adjustment t o  unexpected cont ingencies  i s  o f t e n  d i f f i c u l t  because of mental o r  
motor s e t  ( r e f s .  16, 17, 18).  Even i f  s u b j e c t s  d id  perce ive  t h e  p r o b a b i l i s t i c  
p r o p e r t i e s  of t h e  genera tor ,  then ,  one would expect a d i f f e r e n t i a l  performance 
decrement between event c l a s s e s  as a func t ion  of t h e  number of  a t y p i c a l  
sub-sequence r e e n t r i e s .  

These arguments may be somewhat d i f f i c u l t  t o  un tangle ,  b u t  it i s  clear 
t h a t  many of  t h e  same v a r i a b l e s  a r e  opera t ing  he re  as i n  t h e  more determin­
i s t i c  s e r i a l  and pa i r ed -as soc ia t e s  l ea rn ing  paradigms. I t  may be noted,  more­
over ,  t h a t  i n  t h e  extreme (a = 1 . 0 ) ,  each s t r u c t u r a l  subse t  r ep resen t s  a 
s e r i a l  l ea rn ing  t a s k .  The p resen t  f i nd ings  would appear t o  be ,  t h e r e f o r e ,  t he  
p r o b a b i l i s t i c  analog of  t h e  w e l l  documented inve r se  r e l a t i o n s h i p  between 
ser ia l  l i s t  length and l ea rn ing  speed ( r e f .  14) .  
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Nat ional  Aeronautics and Space Adminis t ra t ion 

Moffett  F i e ld ,  Cal i f . ,  94035, Apr i l  8,  1969 
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